In this paper the continuous classical boundary optimal control problem of a couple nonlinear partial differential equations of parabolic type is studied. The Galerkin method is used to prove the existence and uniqueness theorem of the state vector solution of a couple nonlinear parabolic partial differential equations for given (fixed) continuous classical boundary control vector. The theorem of the existence of a continuous classical optimal boundary control vector associated with the couple of nonlinear parabolic partial differential equations is proved. The existence of a unique vector solution of the adjoint equations is studied. The Fréchet derivative is derived; Finally The Kuhn-Tucker-Lagrange multipliers theorems is developed and then is used to prove the necessary conditions theorem and the sufficient conditions theorem of optimality of a couple of nonlinear parabolic equations with equality and inequality constraints.
Introduction
The objective of optimal control theory is to determine the control signals that will cause a process to satisfy the physical constraints and at the same time minimize (or maximize) some performance criterion, [8] . Control theory is an application-oriented mathematics that deals with the basic principles underlying the analysis and design of (control) system. Systems can be engineering (air conditioner, air craft, and CD player etc.), economic, and biological, [12] . In general, there are many optimal control problems are governed either by ODEs as Orpel in 2009 [11] or by different types of PDEs and are subject to control and state constraints, as El-Borari and et al in 2013 [9] , and Wang, Y. and et al in 2015 [15] , which are studied an optimal control of parabolic partial differential equations, Farag, M. H. in 2014 [10] studied classical optimal control of hyperbolic partial differential equations, Diaz and et al in 2012 [7] studied a optimal control of elliptic partial differential equations, Al-Rawdanee, E. in 2014 [3] studied an a classical optimal control of a coupled of nonlinear elliptic partial differential equations and M. K. Ghufran in 2016 [4] studied a classical optimal control of a coupled of nonlinear parabolic partial differential equations while, Al-Hawasy, J. in 2016 [2] studied a classical optimal control of a coupled of nonlinear hyperbolic partial differential equations.
This paper deals with, the proof of the existence and uniqueness theorem of the state vector solution of a couple nonlinear parabolic partial differential equations where the continuous classical boundary control vector is given, the existence theorem of a continuous classical boundary optimal control vector associated with a couple nonlinear partial differential equations of parabolic type is proved, also the derivation of the Fréchet derivative is done, the study of the existence and uniqueness of the vector solution of the adjoint equations which corresponds to the state vector. Finally, the Kuhn-Tucker-Lagrange multipliers theorem is developed and is used to prove the necessary conditions theorem and the sufficient conditions theorem of optimality of a couple of nonlinear parabolic equations with equality and inequality constraints. . We denote by and ‖ ‖ (by and ‖ ‖ ) the inner product and the norm in ) (in )), by and ‖ ‖ the inner product and the norm in , by and ‖ ‖ (by and ‖ ‖ the inner product and the norm in )( in )) by and ‖ ‖ ‖ ‖ ‖ ‖ the inner product and the norm in ⃗ and ⃗ is the dual of ⃗ .
Description of the Problem

Weak Formulation of the State Equations
The weak forms of the problem ( To study the existence of unique solution of the weak form (10-11), we consider the following assumption. 
Assumptions (A):
. From assumptions (A), easily once can get that the matrices & are positive definite, therefore the system (12ʹ-13ʹ) of order differential equation has unique solution [5] . (15) , hence for this term we can use Lemma 1.2 in [13] and since the term is positive, taking [ ], finally using, and Assumption (A-i) for the two terms in the right hand side (for briefly will use R.H.S. from here and next) of (15), one has
The norm ‖ ‖ is bounded: Again by using Lemma 1.2 in [13] for the term in the L.H.S. of (15), then using same results which are obtained from the R.H.S., finally setting , and ‖ ‖ , equation (15) becomes
The convergence of the solution:
Let { ⃗ } be a sequence of subspaces of ⃗ , such that ⃗ , there exists a sequence { } with ⃗ , , and strongly in ⃗ strongly in ( ) .
Since for each, with ⃗ ⃗ , problems (13a&b) and (14a&b) have a unique solutions , respectively, hence corresponding to the sequence subspaces { ⃗ } , one obtain a sequence of approximation problems (13 a&b) and (14 a&b Keep in mind the second term in the L.H.S. of (34) is positive, integration both sides of (34) with respect to from to , then using assumptions (A-ii) of the R.H.S, finally using Belman -Gronwall inequality, one gets
Existence of a classical Boundary Optimal Control
The following theorem and lemma are important to study the existence of a classical boundary optimal control vector. 
The Necessary Conditions for Optimality
This section concerns with the derivation of the Fréchet derivative under some suitable assumptions, it concerns also with the proof of theorem of necessary conditions for optimality so as the theorem of sufficient conditions under some additional assumptions. Hence, the following assumption is very useful.
Assumptions (C):
If 
Conclusions
In this paper, the existence and uniqueness theorem of a continuous classical boundary optimal control vector governing by the considered couple of nonlinear partial differential equation of parabolic type with equality and inequality constraints is proved using the Galerkin method, the existence of a classical boundary optimal control is proved under a suitable conditions, while the existence and uniqueness solution of the couple of adjoint vector equations associated with the considered couple equations of the state equations is proved and the derivation of the Fréchet derivative of the Hamiltonian is derived. Finally the theorem of necessary conditions and the theorem of sufficient conditions of optimality problem with equality and inequality constrained are proved.
